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Abstract

Telegraph equation is a partial differential equation which includes
the one dimensional wave equation. This equation can be used to
solve severa problems that physically regulate voltage and current
in the electricity transmission line in distance and time. In this
study, telegraph equation and partial integrodifferential equation were
analyzed and resolved by double Laplace transform. This equation was
accompanied by initia values and boundary values solved by Laplace
transform. Next, there are some examples of equations to discover a
solution. The solution of these examples showed that double Laplace
transform is one method that can be used to solve telegraph equation.
Then the solutions are simulated in graphical form which shows the

waveform of the equation.

Received: March 12, 2019; Accepted: April 12, 2019

Keywords and phrases: telegraph equation, partial integrodifferential equation, double Laplace
transform.
*Corresponding author



266 Muchammad Abrori, Sugiyanto and Hana Mei Satriana Sari

Introduction

The telegraph equation is a differential partial equation developed by
Oliver Heaviside in 1880 [1]. This equation included one wave dimensional
equation (hyperbolic), which physically regulates the voltage and flow in the

electricity transmission line with distance and time [2].

One application of telegraph equation is the solution of communication
system problems involving the transmission of signals from one point to
another [3]. So many mathematical methods can be used to obtain telegraph
equation solutions, which is Laplace transform. Laplace transform is a
method to solve homogeneous wave equations, whereas double Laplace

transform of non-homogeneous equations [4].

Based on the description above, telegraph equations and partial
integrodifferential equations will be solved by double Laplace transform.
These equations are accompanied by initial values and boundary values,
which are solved by Laplace transform.

The definitions are given by Debnath [5]. The double Laplace transform
is defined by:

LoL[f(x, )] = F(p,s)= .[;O e‘pxI: e S f(x, t)dudx, (1)

where x, ¢ > 0 and p, s are complex numbers.

Double Laplace transform for the first order partial derivative is defined
as follows [6]:

Lot | LE | = sr(p. 5) - F(p. 0), )

double Laplace transform for second order partial derivative with respect to
x is given by

2
ﬁ{w} = p2F(p. 5) - pF(0, 5) - L), ©
0x *
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and double Laplace transforms for second partial derivative with respect to ¢
is given by

0% f(x, t oF (p, 0
ﬁ{%}szﬂp, 9)-sh(p, 0)- 20 )

Double Laplace Transform Analytic on Telegraph Equation

There are so many problems in telegraph equation, for example,
equation of Jang [2] as

Uy = Uy + 0ty +u— f(x, 1), (5)
where o > 0 is a constant.

Equation (5) is then fitted to the initial value and the limit values are
taken from Kashuri et al. [7]

u(x, 0) = gi(x), u,(x, 0) = ga(x),
u(0, 1) = fi(t), u,(0, 1) = fr(t). (6)
Taking double Laplace to (5), we get
Lo Lyt = LoLyJuy + oy +u — f(x, 1)]
< p’U(p, s)= pU(0, 5) = U(0, 5) = (s°U(p, 5) = sU(p, 0) = U,(p. 0)
+a(sU(p, s)=U(p, 0))+U(p, s) = F(p, s)
e (p* - s —as —DU(p, s) - pU(0, s) - U,(0, s) + sU(p, 0)
+U(p, 0)+aU(p, 0) = —F(p, s), (7)
where U(p, s) = £.L,[u(x, 1)].

Taking single Laplace transform to initial and boundary values (6), we
get

L[u(0, )] = U(0, 5) = F(s),
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E[”x(os t)] = Ux(O, S) = FZ(S)a

Llu(x, 0)] = U(p, 0) = Gi(p),

Llu(x, 0)] = U,(p, 0) = Go(p). (®)

By substituting (8) in (7), we obtain

2| _PA)+F(s) [ sGi(p)+Ga(p) + aGi(p)+ F(p, 5)
SR v N v e

Applying inverse double Laplace transform to (9), we obtain the solution
of (5) in the form

u(x, t)

p?—s?—as—1) (p* —s> —as—1)

_ ﬁ_lﬁ_ﬂ PEi(s) + Fy(s) J_(sca(pwGz(p)+aGl(p)+F<p, )ﬂ
p=s ( )
(10)

Double Laplace Transform Analytic on Partial
Integrodifferential Equation

Integrodifferential equation is an integral equation containing the
derivatives at the same time in it [8]. Consider the following general partial

integrodifferential equation as in [9]:
xpt
Uy — Uy + U+ .[0 J.o g(x—a, t —B)u(a, B)dadp = f(x, 1), (11)

with the initial condition
l/l(x, 0) = gl(x)s ut(xs 0) = gz(X), (12)
and boundary conditions

(0, 1) = /(). uy(0, 1) = f(2). (13)
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Taking double Laplace to (11), we get

l&@&m—um+u+I;ﬂg&—aJ—MMﬂﬁﬁmﬂﬁ=£#Hf@ﬁﬂ

= (s2 - p2 +1+ G(p, s))U(p, s)+ pU(0, s) + U,(0, s)

~sU(p, 0)=U,(p. 0) = F(p, s). (14)

Taking single Laplace transform to initial value (12) and boundary value
(13), we get

L[u(0, 1)] = U(0, s) = Fi(s),

Lluy (0, )] = Uy (0, 5) = F(s),

L[u(x, 0)] = U(p, 0) = Gy(p),

Llu,(x, 0)] = U,(p, 0) = Ga(p). (15)

By substituting (15) in (14), we obtain

o) = sGi(p) + Gy (p) [ PRi(s) + Fr(s) = F(p, 5)
.o hf—PLH+G@J»J((Q—PLH+G@J»}(M)

Applying inverse double Laplace transform to (16), we obtain the solution of
(11) in the form

u(x, t)

_ 5;15;1[(“2 sGi(p) + Ga(p) ] . [pFl(s) + Fy(s) = Flp, S)ﬂ. (17)

—p2+1+G(p, s)) (sz—p2+1+G(p, s))

Example 1. In this case, the nonhomogeneous telegraph equation is

given by

Upy = Uy + U +U— 6™, (18)
with the initial value

u(x, 0)=e*, ulx, 0)=2e", (19)
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and the limit value
(20)

u(0, 1) =¥, w0, 1) =e*.
Taking double Laplace to (18), we get
LoLyuy] = LoLyluy +up —u - 6x ]

e (p* -5 —s=)U(p, 5) = pU(0, 5) + U,(0, s) - sU(p, 0) - U, (p, 0)

Taking single Laplace transform to initial value (19) and boundary value
(20), we get

£lu0, 0] = U0, 5) = (255

Llug(0, )] = UL (0, 5) = (;2)

Llux, 0)] = Ulp. 0) =

(22)

Ll (x, 0] = Uilp. 0) = 25

By substituting (22) in (21), we obtain

[ =5’ -s-1) 1
UULQ_[(P—D@—Z)]hpz—f—s—D} >

Applying inverse double Laplace transform to (23), we obtain the

solution of (18) in the form

. 1 o
M(X, t) = ﬁplﬁsl[m} =e 2t. (24)

The exact solution of telegraph equation is u(x, ¢) = ¢* 2.
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We put domain of distance 0 < x < 5 and domain of time 0 < ¢ <5 on
the exact solution of this telegraph equation.

6
110

solution u(x t)

time () 0o

distance (x)

Figure 1

Figure 1 shows that peak points of domain 0 < x <5 and domain of
time 0 < ¢ <5 are, respectively, at x =5 and ¢ = 5.

Example 2. In this case, the nonhomogeneous telegraph equation is

given by
Uy = Uy + 3u, + u — 6€' sin x, (25)
with the initial value
u(x, 0) =sinx, u,(x,0)=sinx, (26)
and the limit value
u(0,1)=0, u,(0,1)=¢. (27)

Taking double Laplace to (25), we get
L. Lo ug )= LLoJuy + 3u, +u — 6e sin x]

& (p* =5 =35 =1)U(p, 5) = pU(0, s) + U,(0, 5) = sU(p, 0) ~ U,(p, 0)
6

-3U(p,0) - ————.
0 ey

(28)
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Taking single Laplace transform to initial value (26) and boundary value
(27), we get

Lu(0, O] = U0, 5) = 0,

£l (0, 1)] = Uy (0, 5) = —

(s—-1)°
B B 1
Ll 01 = U, 0) = .
_ _ 1
‘C[ut(x9 0)] = Ut(p’ 0) (p2 N 1)- (29)

By substituting (29) in (28), we obtain

o) = (p2—32—3s—1)j£ 1 J
vire) ( T (V)

Applying inverse double Laplace transform (30), we obtain the solution
of (25) in the form

u(x, t) = E;}E;l{;} = ¢ sinx. (31)

2
(s=D(p”+1)
The exact solution of standard telegraph equation is u(x, t) = e’ sin x.

We put domain of distance 0 < x <10 and domain of time 0 < ¢ <10
on the exact solution of this telegraph equation.

6

solution u(x,t)

distance (x)

Figure 2
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Figure 2 shows that domain 0 < x < 10 and domain of time 0 < ¢ < 10,

waves from the equation solution move up and down.

Example 3. In this case, partial integrodifferential equation is given by
xpet
Uy — Uy +u+ 2J0 .[0 Py o, B)dodp = ¥ + 2xte™ (32)
with the initial value and the limit value

u(x, 0)=e*, u,(x,0)=e", u(0,t)=¢", u,(0,1)=¢". (33)

Taking double Laplace to (32), we get
Xpl
Exﬁt[u,t U b u+2 I ) J' T B)docdﬁ}
= L .L[e"" + 2xte™]

2
& (sz - p2 +1 +—(p )P _l)jU(p, s)

= sU(p, 0)+ Uy(p, 0) = pU(0, 5) = U,(0, 5)

+ ! + 2
(P=DG=-1 (p-1)2(s-1)?>

(34)

Taking single Laplace transform to initial and boundary value (33), we

et
£lu0. )] = U(0. 5) = 5.
Lluy(0.0] = U0, 5) = (2
Llu(x, 0)] = Ulp. 0) =

Ll (x, 0] = Uy (p. 0) = ¢ 1

L (35)
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By substituting (35) in (34), we obtain

g= (s2—p2+1>(p—1><s—1)+zj[ (p=D(s-1) J
v ”( (=617 =P D(p-D6-n+2)

(36)

Applying inverse double Laplace transform to (36), we obtain the solution of
(32) in the form

u(x, t) = £;1£;1[m} =t (37)

The exact solution of standard partial integrodifferential equation is

u(x, 1) = ™.

We put domain of distance 1 < x < 3 and domain of time 2 < ¢ < 4 on

the exact solution of this telegraph equation

1200 5+

1000 4+

solution u(x t)
o
o
‘<)

time (1) 2 1

distance (x)

Figure 3

Figure 3 shows that peak points of domain 1 < x <3 and domain of

time 2 < ¢ < 4 are, respectively, at x = 3 and ¢ = 4.
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Conclusion

We have applied double Laplace transform to obtain exact solution of

telegraph equation and partial integrodifferential equation. The solutions of

the equations are simulated in graphical form which shows the waveform of

the equation.
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