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ABSTRACT 

ENVELOPING ALGEBRA OF A LIE ALGEBRA 

By: 

Retno Hana Hanifah 

06610018 

 

Lie algebra is an algebra equipped with a Jacoby identity and antisymmetry 

property on its bilinear map. If a Lie homomorphism 𝑖, assigns the Lie algebra ℒ 

to any unital associative algebra, 𝒰, then the pair of  𝒰, 𝑖  is called Universal 

Enveloping Algebra (UEA). An enveloping algebra satisfies the universal 

property and it is unique up to a unique isomorphism. 

The UEA can be constructed by quotiening a tensor algebra  𝒯 ℒ  of its two 

sided ideal which generated by the elements of the form  𝑥 ⨂𝑦 − 𝑦 ⨂𝑥 −  𝑥, 𝑦   

for 𝑥, 𝑦 ∈ ℒ. The important tool to construct and describe the structure of UEA is 

Poncaire-Birkhoff-Witt (PBW) theorem. This theorem explains that a basis of Lie 

algebra determines the basis of UEA, so that the map 𝑖 is an isomorphism. The 

UEA has structure of module, derivation, and center which are relative to its Lie 

algebra. 

Focus of this paper is description of the structure of a universal enveloping 

algebra, including its construction and properties. It suffices with some basic 

concepts of abstract and linear algebra, also with structure of algebra (in general) 

and Lie algebra. 

 

Keywords: Lie algebra, unital associative algebra, representation, enveloping 

algebra, PBW theorem. 
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CHAPTER I 

PRELIMINARIES 

 

A. BACKGROUNDS 

Mathematics is divided into algebra, analysis, geometry, number 

theory, and statistics. One branch which plays big rules is algebra. Algebra 

allows us to explore the structures, relationships, and quantity. Formerly, in 

some millenniums, some ancient civilizations (Babylonian, Chinese, 

Egyptian, Indian and Greek), meant algebra as solving polynomial 

equations, mainly of degree four or less. It concerned to the notations, roots, 

and various number system, and known as classical algebra (Kleiner, 2007). 

Algebra involved some axiomatic approaches on the early twentieth 

century. It is called modern algebra (abstract algebra). The term algebra 

derives from Arabic الجبر (Al Jabr), which literally means reunion of broken 

parts. It was taken from an Arabian mathematician, Al Khwarizmi’s treatise, 

والمقابلةالجبرالكتاب المختصر في حساب  . 

One sometime only knows algebra as a part of mathematic. Moreover, 

algebra has its own concepts, structures, and attributes. As a structure, an 

algebra (over a field 𝔽) is defined as a vector space 𝒱 together with a 

bilinear map, 𝒱𝑥𝒱 → 𝒱, which assigns (𝑥, 𝑦) ↦ 𝑥𝑦 (Erdmann, 2006). 

Mathematicians, especially algebraists, had discovered some 

inventions of algebra in centuries. It reached the most influential concept 

when Emmy Noether introduced and established the result of her works on 
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her paper, “Ideal Theory in Rings”, on 1920s. The other important 

mathematician is Sophus Lie (1842–1899) who raise the representation 

theory.  

Sophus Lie observed all possible group action on manifolds (in 

topology), he found the theory of continuous transformation group, which is 

called Lie group (Kleiner, 2007). Lie group is a group 𝐺 which has the 

structure of manifold. Furthermore, the tangent space (which also considered 

as vector space) of Lie group at the point of identity  𝑇1𝐺 = 𝒱 , is identified 

by an exponential map, while the multiplication in 𝐺 gives an operation on 

𝑇1𝐺, that is the product of exponential maps, exp 𝑥 exp 𝑦 , which defined 

as the form exp 𝜇 𝑥, 𝑦  , for some map 𝜇: 𝒱𝑥𝒱 → 𝒱, 𝑥, 𝑦 ∈ 𝒱.  As the 

Taylor series, this 𝜇(𝑥, 𝑦) is given by 𝑥 + 𝑦 + 𝜆 𝑥, 𝑦 + ⋯, for 𝜆: 𝒱𝑥𝒱 → 𝒱. 

Briefly, given the notation 2𝜆 𝑥, 𝑦 =  𝑥, 𝑦 , which then called commutator 

(Kirrilov, 2008). Then, 𝑇1𝐺 with the operation obtained from multiplication 

on 𝐺 gives the structure of Lie algebra. 

Nowadays, the Lie theory (Lie group and Lie algebra) has become a 

new discipline. It is useful in many parts of mathematics and physics 

(Humphreys, 1972). From the historical construction of a Lie algebra above, 

the structure of Lie algebra in algebraic views given as follows. 

A Lie Algebra over field 𝔽 is a vector space 𝒱 over a field 𝔽, with an 

operation 𝒱𝑥𝒱 → 𝒱,  𝑥, 𝑦 ⟼ [𝑥, 𝑦], called bracket or commutator, which 

is bilinear, anti-symmetric and satisfies the Jacobi identity, expressed by 

 𝑥,  𝑦, 𝑧  +  𝑦,  𝑧, 𝑥  +  𝑧,  𝑥, 𝑦  = 0, for 𝑥, 𝑦, 𝑧 ∈ 𝒱. We can form a 
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homomorphism between two Lie algebras. A linear map 𝜑: 𝒱1 → 𝒱2 is a 

homomorphism if 𝜑  𝑥, 𝑦  =  𝜑 𝑥 , 𝜑 𝑦   for any 𝑥, 𝑦 ∈ 𝒱1. 

Homomorphism of a Lie algebra brings us closer to representation 

theory, which generally study of representing a group, vector space or 

module (abstract algebra) into matrices forms (linear algebra) (Hall, 2003). 

A representation of Lie algebra is a homomorphism 𝜑 of any Lie algebra  𝒱, 

into a general linear algebra, 𝔤𝔩 𝒱 . One interesting point of representation 

of Lie algebra is enveloping algebra which appears in many application to 

physics, topology, and other much more fields (Kirrilov, 2008). Study of 

enveloping algebra reduces the study of representation of Lie algebra. 

By mapping a Lie algebra 𝒱 by 𝜑, to a unital associative algebra 𝒰 

over field F, 𝒰 is called an universal enveloping algebra of 𝒱, if the 

homomorphism satisfies 𝜑  𝑥, 𝑦  = 𝜑 𝑥 𝜑 𝑦 − 𝜑 𝑦 𝜑 𝑥  and the 

universal property. The universal enveloping algebra (or UEA in short) of a 

Lie algebra can be constructed by quotiening a tensor algebra. The universal 

enveloping algebra is actually unique up to its isomorphism. 

An enveloping algebra has a characteristic module, derivation, and 

center, which relative to the Lie algebra. The most important tool to 

construct and describe the structure of enveloping algebra is             

Poncaire-Birkhoff-Witt (PBW) theorem. This theorem explains that a basis 

of Lie algebra determines the basis of enveloping algebra. 
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The explorations and descriptions of enveloping algebra and its 

properties will be explained and discovered on this paper. So then, this paper 

entitled “ENVELOPING ALGEBRA OF A LIE ALGEBRA”. 

 

B. LIMITATION OF THE STUDY 

Since the algebra can be largely described and there are many specific 

types of Lie algebra, the discussion of this paper, Enveloping Algebra of A 

Lie Algebra, will be focused on describing the properties and construction 

enveloping algebra of arbitrary (general) Lie algebra. Although Lie algebra 

in its historical invention was constructed from a Lie group, we will not 

discover it through this topology views (Lie group). 

 

C. FORMULATION OF THE PROBLEM 

According to the backgrounds and the limitation study, then we 

summarize the problems will be discussed. They are: 

1. What is universal enveloping algebra and how to construct it? 

2. What are the properties of enveloping algebra of Lie algebra? 

 

D. OBJECTIVES 

This research is made on some purposes, i.e.: 

1. To discover what is enveloping algebra and how is its construction. 

2. To know the properties of enveloping algebra of a Lie Algebra. 
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E. SIGNIFICANCE OF THE RESEARCH 

This research gives the basic knowledge of universal enveloping 

algebra of a Lie algebra, including the construction of enveloping algebras 

and some of its basic properties. Furthermore, this research especially, and 

the study of universal enveloping algebra in general, can be used for 

determining the concepts of quantum group which its representation theory 

can be extended to some application of group of symmetries, and construct 

invariant of knots and manifold. 

 

F. LITERARY REVIEWS 

The study of Lie algebra (generally Lie theory) raised in many fields, 

such as algebraic topology, algebraic geometry, physics and economics. 

Some former researches that I have them referred are described below. 

Wed Giyarti (2007) on her final project has introduced the main 

structure of a Lie algebra, including the properties of its bracket and some 

examples. In the same idea, Tuti Qomariah (2010) also described Lie 

algebra. Even both of them provided the similar restriction on basic 

structures such as Lie subalgebra with its ideal and factor, also the Lie 

algebra of linear transformation, Tuti Qomariah drew the Lie algebra based 

on the definition of non-associative algebra (NAA). 
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James E. Humphreys on his book, (1980), defined the basic form of 

universal enveloping algebra and its construction by quotiening a tensor 

algebra by its two-sided ideal. The PBW theorem is also presented with its 

consequences and proofs. 

Dierk Philipp Fahr (2003) on his essay, gave a detailed introduction of 

universal enveloping algebra. He focused on finite dimensional Lie algebra 

over field of characteristic zero and described the properties of universal 

enveloping algebra as a graded algebra.  

This paper will develop the introduction of Lie algebra to 

representation theory which has not given on both final projects above. 

Furthermore, it describes the structure of enveloping algebra of a Lie algebra 

based on Humphreys and Fahr. The properties given are not grading as 

given by Fahr, in order to make it easier to understand and to simplify the 

main idea of enveloping algebra. 

 

G. METHODOLOGY 

This research is on literary study. It allows me to collect and to 

explore some literatures such as journals, essays, and papers, which 

explained basic theory and attributes of correlated materials, such as about 

Lie algebra, and especially about enveloping Lie algebra.  

The collected materials firstly followed by formulizing the structure 

and properties of algebra in general. Then, the second point is describing the 

concept of a Lie algebra and the main idea of representation. It also needs to 
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describe the tensor product and tensor algebra to suffice our goal on 

constructing an enveloping algebra. The last step is describing the structure, 

including the construction and properties of universal enveloping algebra of 

a Lie algebra. 

The following flowchart describes the processes of this research and 

the correspondence of each substance. 

 

 

  

Enveloping 

Algebra 

Structure Properties 

Vector     

Space 

Algebra 

Tensor   

Product 

Lie Algebra 

Representation 

Tensor   

Algebra 
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H. SYSTEMATIC SCHEME 

Whole overview of this project is given below. 

1. CHAPTER I 

This chapter concerns to the background of this research, also 

gives a whole formulation, limitation, and objectives of this research. 

It shows some literary reviews from former researches and describes 

the overview of whole project by this systematic as well. 

2. CHAPTER II 

The chapter consists of theoretical backgrounds and some 

elementary concepts as the basic tools we must have hold, such as 

field, vector space, and the concept of linear transformation. 

3. CHAPTER III 

The chapter describes the main concepts of algebra in general, 

and introduces the basic structure of Lie algebra, which underlies the 

structure of universal enveloping algebra, our goal. The chapter also 

gives the idea of representation of a Lie algebra. 

4. CHAPTER IV 

Since the goal of this project, universal enveloping algebra, is 

also a tensorial approach, thus we briefly provide the main concept of 

tensor product and tensor algebra. 
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5. CHAPTER V 

This is the aim of our research. This chapter provides the 

structure of universal enveloping algebra and its construction. 

Furthermore, it gives some properties of universal enveloping algebra, 

such as its uniqueness, structure of module, ideal, representation and 

its derivation as well. This chapter also explains some important tools, 

like Poncaire-Birkhoff-Witt theorem, enveloping algebra of direct 

sum, and center. 

6. CHAPTER VI 

On the last chapter, we summarize the researches done through 

this project, and suggest some ideas of advanced researches for the 

reader. 

 

 

 

 

 

 

 

 

 



78 
 

CHAPTER VI 

CONCLUSIONS AND IDEAS FOR FUTURE RESEARCH 

 

A. CONCLUSION 

Given 𝒰 as a unital associative algebra, and ℒ as a Lie algebra, then 𝒰 

together with a Lie homomorphism 𝑖: ℒ → 𝒰, is called to be a        

Universal Enveloping Algebra, such that it satisfies the universal property. 

Construction of an enveloping algebra can be considered by quotiening 

tensor algebra of a Lie algebra by its two sided ideal. The ideal of tensor 

algebra of a Lie algebra is on the form 𝒙 𝒚 − 𝒚 𝒙 −  𝒙, 𝒚 , for every 

𝑥, 𝑦 ∈ ℒ. In particular, when the Lie algebra is commutative, then its 

enveloping algebra corresponds to symmetry algebra. 

It can also be constructed enveloping algebra of a direct sum of Lie 

algebra. If ℒ1 ⊕ ℒ2 is a Lie algebra, and  𝒰1, 𝑖1 ,  𝒰2, 𝑖2  are respectively 

enveloping algebras of ℒ1, ℒ2, then the tensor product, 𝓤𝟏  𝓤𝟐 is the 

enveloping algebra of 𝓛𝟏 ⊕ 𝓛𝟐. 

Poncaire-Birkhoff-Witt theorem is an important tool on describing the 

structure of enveloping algebra. It mainly states that symmetry algebra of a 

Lie algebra is isomorphic to graded algebra of its enveloping algebra. It 

implies that the monomial of ordered basis of Lie algebra to form the basis 

of its enveloping algebra and the map 𝑖: ℒ → 𝒰 to be injective. 

Furthermore, an enveloping algebra is unique up to its unique 

isomorphism. It also has the structure of 𝓤 −module which by the 
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representation of Lie algebra we find that it also is an ℒ −module. It means 

that representation of enveloping algebra defines the representation of its 

Lie algebra. It raise the existence intertwining map of enveloping algebras. 

The injectivity of 𝑖 implies the correspondence between ideal, quotient 

and derivation of enveloping algebra and its Lie algebra. If 𝐼 is an ideal of ℒ 

then 𝒥 is ideal in 𝒰 generated by 𝑖(𝐼), then 𝑗: 𝑥 + 𝐼 → 𝑖 𝑥 + 𝒥 is a natural 

homomorphism of quotient ℒ/𝐼 into 𝒜 = 𝒰/ℐ, and  𝓐, 𝒋  is a universal 

enveloping algebra of 𝓛/𝑰. Merely, if 𝒟 is a derivation of ℒ then there will 

exist a unique derivation 𝓓′  in 𝒰, such that 𝒊 ∘ 𝓓 = 𝓓′ ∘ 𝒊.  

 

B. IDEAS FOR FUTURE RESEARCH 

All of the results researched on previous chapters were actually lack of 

details substantial. Therefore, it will provide a great chance for reader to re-

explore, the topic of this paper in some specific points, either about Lie 

algebra it self, representation theory, or the enveloping algebra. 

Concerning the Lie algebra, reader can discover the structure of ideal, 

since it determines the type of Lie algebra; solvability, simplicity, 

nilpotency of reducibility of a Lie algebra. For example, the most useful 

type is semisimple Lie algebra, which has no nonzero solvable ideal. It can 

be surveyed on the derived algebra which in general define the ideal of a Lie 

algebra. The study of semisimple Lie algebra be explored to the root system, 

cartan’s criterion, radical etc. 
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In representation theory and universal enveloping algebra, reader can 

determine the concept of quantum group which defined by deforming the 

universal enveloping algebra of a Lie algebra. It turns applicable on theory 

of manifold, knot theory, physics and representation of algebraic groups. 

One may develop some specific points, such as Verma module and the 

Casimir operator, which based on the concept of center of universal 

enveloping algebra.  
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